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Heat and diffusion

The heat equation, also known as the
diffusion equation

∂u

∂t
−∆u = 0,

where ∆u is the Laplacian, was developed
by Joseph Fourier to model heat in a given
region. It also models particles diffusing
through a medium, where u represents the
probability density function associated with
the position of a single particle.

Joseph Fourier
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Solution to the heat equation ivp

The solution to the Cauchy problem (initial value problem) of the heat
equation in Rn × R+{

∂tu−∆u = 0, (x, t) ∈ Rn × R+

u(x, 0) = f(x) ∈ Hs(Rn)

is given by

u(x, t) =

∫
Rn

K(x− y, t)f(y)dy,

where

K(x, t) =
1

(4πt)n/2
e−|x|2/4t

is called the fundamental solution (heat kernel) to the heat equation.
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Brownian motion and probability

Robert Brown Louis Bachelier Albert Einstein Norbert Wiener

Kiyoshi Itô Richard Feynman Mark Kac

Yutan Zhang Indiana University Bloomington

Introduction to the Feynman-Kac Formula 4 / 17



Introduction Probability Preliminaries Feynman-Kac Formula Applications References

Wiener process

Definition

A Wiener process {W (t)}t≥0 is a family of random variables
W (t) : (Ω,F ,P) → R, satisfying the following properties:

1 W (0) = 0.

2 ∀ω ∈ Ω, the map t 7→ W (ω, t) is continuous from [0,∞) into R
with probability one.

3 ∀t > s ≥ 0, W (t)−W (s) is normally distributed with mean 0 and
variance t− s, i.e.,

P(a ≤ W (t)−W (s) ≤ b) =
1√

2π(t− s)

∫ b

a

e−x2/2(t−s)dx.

4 ∀0 = t0 < t1 < t2 < . . . < tn, the increments W (ti+1)−W (ti) are
independent random variables.
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Construction via random walk

Define S0 = 0 and Sk∆t =

k∑
j=1

Xj∆x and linearly interpolate in time. So

St is a random walk with properties E[Sk∆t] = 0, var[Sk∆t] =
(∆x)2

∆t
t.

For each n ∈ Z+, let ∆t = 1/n and ∆x = 1/
√
n, and we define {Sn

t }t
as above. Explicitly writing out the interpolation

Sn
t = (⌊nt⌋+ 1− nt)Sn

⌊nt⌋/n + (nt− ⌊nt⌋)Sn
(⌊nt⌋+1)/n

=

√
⌊nt⌋√
n

1√
⌊nt⌋

⌊nt⌋∑
j=1

Xj +
nt− ⌊nt⌋√

n
X⌊nt⌋+1

d→
√
tZ = Wt

by the central limit theorem.
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Itô integral

Definition

The Itô integral for a simple stochastic process fn(ω, t) is defined by∫ T

0

n−1∑
j=0

αj(ω)1[tj ,tj+1)(t)dWt =

n−1∑
j=0

αj(ω)(Wtj+1
(ω)−Wtj (ω)).

For a general stochastic process f(ω, t) that is square integrable∫ T

0

f(ω, t)dWt(ω)
L2(Ω)
= lim

n→∞

∫ T

0

fn(ω, t)dWt(ω),

where fn(ω, t) is a sequence of simple stochastic processes converging to
f(ω, t) in L2(Ω).
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Itô process

Definition

An Itô process is a stochastic process Xt on Ω of the form

Xt = X0 +

∫ t

0

u(ω, s)ds+

∫ t

0

v(ω, s)dWs,

where v(ω, s) satisfies the square integrability condition

E
[∫ t

0

v2(ω, s)ds

]
< ∞.

The stochastic integral is also written as a stochastic differential
equation of the form

dXt = udt+ vdWt.
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Itô’s lemma

Proposition

Let Xt be an Itô process

dXt = udt+ vdWt,

and g(x, t) ∈ C2(R× [0, T ]). Then Yt = g(Xt, t) is also an Itô process
with

dYt =
∂g

∂t
(Xt, t)dt+

∂g

∂x
(Xt, t)dXt +

1

2

∂2g

∂x2
(Xt, t)(dXt)

2

where (dt)2 = dtdWt = dWtdt = 0 and (dWt)
2 = dt.
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Heat equation version

Theorem (Feynman-Kac formula)

Let q(x) be a non-negative continuous function, and f(x) be bounded
continuous. Suppose u(x, t) is a bounded function that solves the
Cauchy problem

∂u

∂t
− 1

2

∂2u

∂x2
= −q(x)u, (x, t) ∈ R× R+

u(x, 0) = f(x) ∈ Cb(R).
(1)

Then

u(x, t) = E
[
exp

{
−
∫ t

0

q(Xs, s)ds

}
f(Xt)

]
(2)

where dXt = dWt and X0 = x.
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Heuristics

Roughly speaking, if particles have an initial distribution f , and we let
each particle diffuse freely, the average of all possible end positions of
particles at time t is the distribution of particles at time t. The cooling
term u′ = −qu adds an exponential decay effect.
If we consider the following simple heat equation ivp

∂u

∂t
− 1

2

∂2u

∂x2
= 0, (x, t) ∈ R× R+

u(x, 0) = f(x).

It is a well-posed equation, i.e. there exists a unique solution. We have
two formulations of the solution, thus they have to be the same.∫

R

1√
2πt

e−|x−y|2/2tf(y)dy = E [f(Xt)] , dXt = dWt, X0 = x.
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Sketch of proof 1

Fix t > 0. Consider the stochastic process

Ys = g(Xs, s) = exp

{
−
∫ s

0

q(Xτ )dτ

}
u(Xs, t− s).

Apply Itô’s formula

dYs =

(
∂g

∂s
+

1

2

∂2g

∂x2

)
ds+

∂g

∂x
dWs

=− qu exp

{
−
∫ s

0

qdτ

}
ds+ (−1)

∂u

∂t
exp

{
−
∫ s

0

qdτ

}
ds

+
1

2

∂2u

∂x2
exp

{
−
∫ s

0

qdτ

}
ds+

∂u

∂x
exp

{
−
∫ s

0

qdτ

}
dWs.
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Sketch of proof 2

Use the fact that u solves (1) and integrate to get

Yt − Y0 =

∫ t

0

∂u

∂x
(Xs, t− s) exp

{
−
∫ s

0

q(Xτ )dτ

}
dWs.

Taking expectations, and by property of the Itô integral, we have

E[Y0] = E[Yt],

or

u(x, t) = E
[
exp

{
−
∫ t

0

q(Xs)ds

}
f(Xt)

]
.
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For Itô diffusion processes in one-dimension

Theorem (Feynman-Kac formula)

Let q(x) be a non-negative continuous function, and f(x), µ(x), σ(x) be
bounded continuous. Suppose u(x, t) is a bounded function that solves
the Cauchy problem

∂u

∂t
− µ(x)

∂u

∂x
− 1

2
σ2(x)

∂2u

∂x2
+ q(x)u = 0,

u(x, 0) = f(x) ∈ Cb(R).
(3)

Then

u(x, t) = E
[
exp

{
−
∫ t

0

q(Xs)ds

}
f(Xt)

]
(4)

where dXt = µ(Xt)dt+ σ(Xt)dWt and X0 = x.
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The Black-Scholes-Merton model

The basis of the Black-Scholes-Merton (BSM) model is that stock prices
satisfy the log-normal model

dSt = rStdt+ σStdWt, t ≥ 0, (5)

where r is the risk-free interest rate, σ is the volatility of the stock, and
Wt is a Wiener process (under the risk-neutral measure). Consider a
European call option for this stock with strike price K and exercise time
T . Its pay-off at time T is V (ST , T ) = [ST −K]+

.
= max{ST −K, 0}.

The value of the call option is simply the discounted expected value of VT

V (St, t) = e−r(T−t)E
[
[ST −K]+

]
. (6)
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The Black-Scholes-Merton PDE and formula

Since dSt = rStdt+ σStdWt, by the Feynman-Kac formula, V must
satisfy the Black-Scholes-Merton partial differential equation

∂V

∂t
+

1

2
σ2s2

∂2V

∂s2
+ rs

∂V

∂s
− rV = 0, t ∈ [0, T )

V (s, T ) = [s−K]+.

(7)

We can apply a series of changes of variables to transform into the heat
equation, and explicitly obtain the Black-Scholes-Merton formula

V (S, t) = StΦ(d+)−e−rτKΦ(d−), d± =
ln St

K +
(
r ± σ2

2

)
τ

σ
√
τ

, τ = T−t.

(8)
We can also obtain the BSM formula via direct evaluation of (6).
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